We classify purely inseparable morphisms of degree p between rational double points (RDPs) in characteristic p. Using such morphisms, we show that any RDP admit a finite smooth covering.
Introduction
We work over an algebraically closed field k of characteristic p > 0. We consider 2-dimensional complete local k-algebras that are either rational double points (RDPs for short) or smooth, and we call them at most RDPs. In this paper we will classify (Theorem 1.1) finite purely inseparable morphisms Spec B → Spec B ′ of degree p between at most RDPs B and B ′ .
We have an application on finite smooth coverings of RDPs. While the universal covering (to be precise, the normalization of the universal covering of the complement of the closed point) of an RDP in characteristic 0 is always smooth, in characteristic p > 0 this may be a simply-connected RDP. Using purely inseparable morphisms between at most RDPs given in Theorem 1.1, we obtain (Theorem 4.1) a finite covering π : SpecB → Spec B of an RDP B, by a smooth local ringB, that is "unramified" in a certain sense (Definition 2.9).
Let us state the classification theorem. Let π : Spec B → Spec B ′ be a finite purely inseparable morphism of degree p. Then it is given as the quotient by a p-closed derivation D on B (unique up to Frac(B) * -multiple).
The relation between B and B ′ is reciprocal in the sense that knowing π : Spec B → Spec B ′ is equivalent to knowing π ′ : Spec B ′ → Spec B (p) . π ′ is also purely inseparable of degree p and hence given as the quotient by a p-closed derivation D ′ on B ′ . We say that the morphisms π and π ′ are dual to each other . We may assume that the fixed locus Fix(D) of D (Definition 2.5), which is a closed subscheme of Spec B, satisfies exactly one of the following three conditions: (a) Fix(D) = ∅. Similarly we may assume that Fix(D ′ ) satisfies exactly one of (a ′ ), (b ′ ), (c ′ ). Thus there are a priori 3 × 3 possibilities.
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Theorem 1. 1 . Suppose B and B ′ are complete 2-dimensional local rings over k, both either smooth or RDP. Suppose Spec B → Spec B ′ is purely inseparable of degree p. We have the following.
• If B ′ is smooth, then (a) holds.
• If B is smooth, then (a ′ ) holds.
• (c) holds if and only if (c ′ ) holds. By the last assertion, there remain 5 possibilities among 3 × 3, and in each case we have the following classification.
(1) If (a) and (a ′ ) hold, then both B and B ′ are smooth. In this case, it is known (Rudakov- 
with P and Q as in the table up to terms of high degree. Up to a unit multiple, D satisfies (D(x), D(y), D(z)) = (−Q y , Q x , 0). (5) Suppose (c) and (c ′ ) hold. Let l (′) be the order of (D (′) ) in Pic(B (′) ).
Then l = l ′ and l | (p − 1), whereπ : SpecB → SpecB ′ is a morphism satisfying the assumptions of this theorem and satisfying (a or b) and (a ′ or b ′ ), and moreover equivariant with respect to the Z/lZ-actions on SpecB and SpecB ′ whose quotients are the vertical maps.
In Table 3 , (q) + := max{0, q} denotes the positive part of a real q.
Convention 1.2. We use Artin's notation D r n , E r n [Art77] of non-taut RDPs with the following exception: We say that k[[x, y, z]]/(z 2 + x 2 y + zy n + zxy n−s ) (n ≥ 2, 0 ≤ s ≤ n − 1) in characteristic 2 to be of type D s+1/2 2n+1 , instead of Artin's notation D s 2n+1 . Consequently, the range of r for D r 2n+1 is { 1 2 , 3 2 , . . . , 2n−1 2 }. Under this notation, the RDP defined by z 2 + x 2 y + zxy m + y n = 0 (m ≥ 1, n ≥ 2) is of type D n/2 n+2m regardless of the parity of Table 4 . p-closed derivations on RDPs whose quotients are RDPs, with non-principal divisorial fixed loci (m ≥ 1) (p is any prime ≡ 1 (mod l) unless specified)
(xy, y 2 + z), ((y 3 + z 2 )y, x) −x 2 + (y 3 + z 2 )(y 2 + z) x(y 2 + z) 
The proof of Theorem 1.1 is given in Section 3 after some preparations on derivations in Section 2.
Preliminaries on p-closed derivations
The next formula is well-known. • For any a ∈ B, aD is also p-closed. Assume X is a smooth irreducible variety and D = 0. Then Fix(D) consists of its divisorial part (D) and non-divisorial part D . If we write D = f i g i ∂ ∂x i for some local coordinate x i with g i having no common factor, then (D) and D corresponds to the ideal (f ) and (g i ) respectively.
Assume X is a smooth irreducible variety and suppose D = 0 is now a rational derivation, locally of the form f −1 D ′ for some regular function f and (regular) derivation D ′ . Then we define (D) = (D ′ ) − div(f ) and
If X is only normal, then we can still define (D) as a Weil divisor.
Rudakov-Shafarevich [RS76] uses the term singularity for the fixed locus. We do not use this, as we want to distinguish them from the singularities of the varieties.
is a sequence of purely inseparable morphisms of degree p between n-dimensional integral normal varieties, with each π i given by a p-closed rational derivation D i on X i . Then
Corollary 2.7. If π : X = Spec B → X ′ = Spec B ′ and D, D ′ are as in Theorem 1.1, then the order of (D) in Pic(B) is equal to that of (D ′ ) in Pic(B ′ ).
Proof. By applying the previous proposition to the sequence X → X ′ → X (p) and using K X = 0, we obtain (D) + π * ((D ′ )) = 0 in Pic(B). Dually we have π ′ * ((D (p) )) + D ′ = 0 in Pic(B ′ ).
Proposition 2.8 ([Mat20b, Proposition 2.9]). Suppose π : X → X ′ is a purely inseparable morphism of degree p between smooth varieties of dimension m, induced by a p-closed rational derivation D such that ∆ :
, and for the second morphism if moreover D(f 0 ) = 0. In particular, we obtain the Rudakov-Shafarevich formula
See [Mat20b, Section 2.1] for the definition of the action of D on mforms. This isomorphism (although it depends on the choice of D) may be considered as an analogue of the natural pullback isomorphism Ω m
for a finite morphism π : X → X ′ , with R = 0 if and only if π is unramified (étale) in codimension 1. Thus we make the following definition.
Definition 2.9. We say that a finite purely inseparable morphism π of degree p between normal varieties of dimension m, equipped with a p-closed derivation D giving π, is unramified if codim Fix(D) ≥ 2. If π is as in Theorem 1.1, it is unramified if and only if it satisfies (a) or (b).
We say that a finite morphism π : X → Y between normal varieties (of dimension m) is unramified if it can be decomposed as X
with π i a composite of finite purely inseparable morphisms of degree p that are unramified (in the above sense) and π s finite andétale outside a closed subscheme of codimension ≥ 2.
Remark 2. 10 . An obvious shortcoming of this definition is that it depends on the choice (and the existence) of the derivation. This yields the following difficulties.
• Suppose both π = π 1 • π 2 and π 2 are unramified. π 1 may not be unramified. • Suppose π : X → Y is unramified and moreover G-equivariant with respect to actions of a finite group G on X and Y . The induced morphism X/G → Y /G may not be unramified. For example, assume p > 2 and let φ : A 1 → A 2 be a purely inseparable isogeny of degree p between abelian surfaces, f i : A i → X i = A i /{±1} the quotient morphisms, and φ ′ : X 1 → X 2 the purely inseparable morphism of degree p induced by φ. Clearly f 1 and f 2 are unramified. φ is induced by a derivation D (unique up to scalar) on A 1 , which is fixed-point-free, and hence φ is unramified. However there is no regular derivation inducing φ ′ (since D is not [−1]-invariant) and hence φ ′ is not unramified in the sense of Definition 2.9.
Proof of classification
3.1. Reductions. We first note that the conditions (a), (b), (c) are pairwise exclusive, and that we can replace D so that one of these holds. Indeed, replacing D changes Fix(D) precisely by a principal divisor.
It follows from [Mat20b, Theorem 3.3(2)] that if B ′ is smooth (resp. B is smooth) then (a) (resp. (a ′ )) holds.
The equivalence (c) ⇐⇒ (c ′ ) and the equality l = l ′ follow from Corollary 2.7. This case will be considered in Section 3.4.
As mentioned earlier, the case where B and B ′ are both smooth is a result of Rudakov-Shafarevich and Ganong 
and a derivationD onX withD = D outside the exceptional loci, satisfying the following properties:X ′ =XD, (D) = 0, Sing(X) ∩π −1 (Sing(X ′ )) = ∅ (in particular, Sing(X) ∩ Fix(D) = ∅), and Fix(D) = ∅. We will refer to the points of Fix(D) as upper fixed points of D. Now suppose p ≥ 3 (we will consider the case of p = 2 separately). If h ∈ O * X ,w at some upper fixed (smooth) point w ∈ Fix(D), then h ∈ B ∩ O * X ,w = B * , contradicting our assumption that h ∈ m. Thus we may assume h ∈ m w for any w ∈ Fix(D). By the classification [Mat20b, Lemma 3. 6 (2)] of such quotients B ′ w := OX ′ ,π(w) , either p = 3 and B ′ w is either E 0 6 or E 0 8 , or p = 5 and B ′ w is E 0 8 . In other words, B ′ admits one of these RDPs as a partial resolution. Since there is no Dynkin diagram strictly containing E 8 , the only possibility is that p = 3 and Sing(B ′ ) ∈ {E r 7 , E r 8 }. E 1 7 and E 2 8 are impossible since their partial resolution is E 1 6 , not E 0 6 , by [Mat19, Lemma 4.7]. Also E 0 7 is also impossible, since by replacing B and B ′ with their universal coverings we obtain a derivation with the same properties and with quotient E 0 6 , which is impossible by above. Hence Sing 
Applying the same argument to D ′ , we obtain the same conclusion for Sing(B).
Summarizing the reductions so far, it remains to consider the following cases, which will be done in subsequent sections. There should be exactly one upper fixed point of D, and its quotient should be E 0 6 . Let X 1 → X be the blow-up at the closed point. Then Sing(X 1 ) = E 0 7 . Since there is no derivation on E 0 7 fixing precisely the closed point with nonunit h and RDP quotient, this point is not fixed, and the upper fixed point should be on X sm 1 . Suppose B is E 1 8 . We may assume that B = k[[x, y, z]]/(z 2 + x 3 + y 5 + x 2 y 3 ). Then the space of derivations on B are generated by the following elements D 1 , D 2 , D 3 . Then D has at least two fixed points (x = 1 + y 2
as in Lemma 3.1. We first show that δ = 1 and that D| m/m 2 is nilpotent of index 3. We write B = Spec k[[x, y, z]]/(z 2 + x 3 + y 5 ) during the proof of this claim. Then the space of derivations on B are generated by the following elements D 1 , D 2 .
Since D extends to X 1 , we have We note that if (B = k[[x, y, z]]/(F ), m) is an RDP of type D n or E n in characteristic ≥ 3 and D is a derivation on B with D(m) ⊂ m and D| m/m 2 is nilpotent of index 3, then the degree 2 part of F is of the form l 2 with l ∈ Ker(D| m/m 2 ) (otherwise D(F ) cannot be zero).
We will show that B admit elements x, y, z, w as in the statement of Theorem 1.1(4). We may assume m = (x, y, z), z ∈ B ′ , and m ′ = (Y, z, w), where Y := y 3 . We may moreover assume x 3 ∈ m ′2 and w ∈ m 2 . Write y, z] ] * , then the degree 2 part of F cannot be the square of a linear term contained in Ker(D| m/m 2 ) = kz, contradicting the observation above. Hence u ∈ k[[x, y, z]] * , and we may assume u = 1: F = −x 3 + P (Y, z, Q(z, y, x)), and also F ′ = −w 3 +Q(z 3 , Y, P (Y, z, w)), whereQ(z 3 , Y, P ) := Q(z, y, x) 3 . Since B and B ′ are E 8 , we obtain the following: P has z 2 ; Q has y 2 ; we may assume P does not have zw nor w 2 ; we may assume Q does not have yx nor x 2 ; P has Y w; Q has zx. By replacing x, y, z, w, F, F ′ with scalar multiples, we may assume F = −x 3 + z 2 + y 3 w + (. . . ), F ′ = (−w + y 2 + zx + (. . . )) 3 . Since 0 = D(w) = D(x)Q x + D(y)Q y and since Q x ≡ z (mod m 2 ) and Q y ≡ 2y (mod (z) + m 2 ) have no common factor, we may assume (D(x), D(y)) = (−Q y , Q x ).
3.3.
Case of characteristic 2. Suppose p = 2 and both h and h ′ are non-unit.
Let δ = dim k Im(m ′ /m ′2 → m/m 2 ) as in Lemma 3.1 and similarly δ ′ = dim k Im(m (2) /(m (2) ) 2 → m ′ /m ′2 ). We have δ, δ ′ ∈ {0, 1}. We shall show δ = δ ′ = 1.
Assume δ = 0, that is, m ′ ⊂ m 2 . Since x 2 , y 2 , z 2 ∈ Frac B (2) Frac B ′ , the elements x 2 , y 2 , z 2 ⊂ m (2) ⊂ m ′ cannot generate m ′ . In other words, there exists a nonzero linear combination f of x 2 , y 2 , z 2 that belongs to m ′2 . Since f ∈ m ′2 ⊂ m 4 , (a unit multiple of) F is of the form f +G with f ∈ m (2) and G ∈ m 4 . But such a polynomial cannot define an RDP. Hence δ = 1. Dually δ ′ = 1.
We may assume that m = (x, y, z) and m ′ = (w, y 2 , z), and that x 2 ∈ m ′2 and w ∈ (m (2) ) 2 .
Since x 2 ∈ m ′2 , we may assume F = x 2 + P 0 (y 2 , z) + P 1 (y 2 , z)w with P 0 ∈ n ′2 and P 1 ∈ n ′ , where n ′ is the maximal ideal (y 2 , z) of k[[y 2 , z]]. Similarly we may assume w = Q 0 (z, y)+Q 1 (z, y)x with Q 0 ∈ n 2 and Q 1 ∈ n, where n is the maximal ideal (z, y) of k[[z, y]]. Hence we have F = x 2 + P 0 (y 2 , z) + P 1 (y 2 , z)(Q 0 (z, y) + Q 1 (z, y)x),
We may assume P 0 does not have z 2 , andQ 0 does not have Y 2 . Suppose (Q 1 ) y ∈ B * . Then D defined by D(x, y, z) = ((Q 0 ) y +(Q 1 ) y x, Q 1 , 0) satisfies B D = B ′ and D 2 = (Q 1 ) y D. Moreover (D) = 0 by Corollary 2.2. This contradicts the assumption that h / ∈ B * . Hence we have (Q 1 ) y ∈ m, that is, the coefficient of y in Q 1 is 0. Similarly, the coefficient of z in P 1 is 0.
For F to define an RDP, we need either
• P 0 has y 2 z, P 1 has z k , and either Q 0 has z m y or Q 1 has z l , or • P 0 does not have y 2 z but has z 3 , P 1 has y 2 , and Q 0 has zy or y 3 .
Similarly, for F ′ to define an RDP, we need either
•Q 0 has z 2 Y ,Q 1 has Y k ′ , and either P 0 has Y m ′ z or P 1 has Y l ′ , or •Q 0 does not have z 2 Y but has Y 3 ,Q 1 has z 2 , and P 0 has Y z or z 3 .
Combining these conditions, one of the following holds (after possibly replacing (B, D) with (B ′ , D ′ )).
• P 0 has y 2 z, P 1 has z m ′ , Q 0 has zy, and Q 1 has y m . In this case B is D
. • P 0 does not have y 2 z but has z 3 , P 1 has y 2 , Q 0 has zy, and Q 1 has y m . In this case B is E
and B ′ is D 0 2m+3 . • P 0 does not have y 2 z but has z 3 , P 1 has y 2 , Q 0 does not have zy but has y 3 , and Q 1 has z. In this case B and B ′ are E 2 8 . Let G = Gal(X/X) = Gal(X ′ /X ′ ) ∼ = Z/lZ. For g ∈ G, the derivation g * D (see Convention 1.3) can be written as g * D := g •D (g • ) −1 , where g • :B →B corresponds (contravariantly) to g :X →X. SinceB g * D =BD and (g * D ) = 0 = (D), there exists β g ∈B * such that g * D = β g ·D. We have β hg = g • (β h )β g . This shows that (β is a 1-cocycle and), since G B /m = k is trivial, the map ρ : G β − →B * → (B/m) * = k * is a homomorphism. We will show that this ρ : G → k * is injective. Let G 1 := Ker ρ. LetD 1 := h∈G 1 h * D = ( h∈G 1 β h ) ·D. ThenD 1 is G 1 -invariant, hence descends to a derivation onB G 1 . Since h∈G 1 β h ∈B * (since β h ≡ 1 = |G 1 | ≡ 0 (mod m)),D 1 has no divisorial fixed locus. In other words, the pullback of (D) to X/G 1 is trivial. By the definition ofX, we obtain G 1 = {1}.
Non
Summarizing the arguments so far, the at most RDPX = SpecB, the action of the cyclic group G, and the derivationD satisfy the following properties.
•X →X/G = X is induced by a non-principal divisor class of order dividing p − 1 on an at most RDP X. •D is p-closed with (D) = 0, andXD is at most RDP.
• There exist units β g ∈B satisfying g * D = β g ·D, and the homomorphism ρ : g → (β g mod m) is injective.
The first two conditions imply that (Sing(B), Sing(B), Sing(BD)) is one in Table First suppose thatB is of type A n−1 (n ≥ 1) and thatD fixes the closed point. Let V =m/m 2 . Then g ∈ G andD induce k-linear endomorphisms on V , denoted by the same symbols, satisfying gDg −1 = ρ(g) ·D. By the classification, the set of eigenvalues ofD is of the form {i, −i, 0} if n ≥ 2 and {i, −i} if n = 1 for some i ∈ k * . Since this set is invariant under multiplication by ρ(g), we obtain l = 2, and the nontrivial element of G interchanges the eigenspaces V ±i . By the classification, n is even and the quotient B =B G is of type D n/2+2 . This is realized by the examplē
Next suppose thatB is of type A np−1 (n ≥ 1) and thatD is fixed-pointfree. Let V =m/m 2 and V ′ = Im(m ′ → V ): these spaces are stable under g. We may assume thatB = k[[x, y, z]]/(xy − z np ) andD = ∂ ∂z , and then V /V ′ = kz. We have ρ(g) = g| V /V ′ and, by the classification, (ρ(g), l) for a generator g of G is equal to (1, l), (−1, 2), (−1, 4) respectively ifB G is of type A lnp−1 , D np/2+2 , D np+2 . Since ρ(g) should be a primitive l-th root of 1, only the second case (where n is even) is appropriate. This case is indeed realized by the exampleB = k[[x, y, z]]/(xy − z np ), g(x, y, z) = (y, x, −z), D(x, y, z) = (0, 0, 1), and X → X ′ is D mp+2 → D m+2 (m = n/2 ≥ 1).
Next suppose thatB is smooth and thatD is fixed-point-free. Again, let V =m/m 2 and V ′ = Im(m ′ → V ). Since G preserves these spaces, a generator g of G acts on V ′ by a primitive l-th root ζ of 1 and on a complement by ζ −1 . By taking an appropriate coordinate we may assumē B = k[[x, y]], g(x, y) = (ζx, ζ −1 y),D(x) = 0,D(y) = 0. Since ζ −p = ζ −1 (since p ≡ 1 (mod l)), the action g(x, y p ) = (ζx, ζ −p y p ) onB ′ = k[[x, y p ]] is also symplectic. Then X → X ′ is A l−1 → A l−1 .
Finally supposeB is E 1 6 in characteristic 3. This is realized by the examplē B = k[[x, y, z]]/(z 2 + x 3 + y 3 + x 2 y 2 ), g(x, y, z) = (y, x, −z),D(x, y, z) = (x, −y, 0). Then X → X ′ is E 1 7 → E 1 7 . In each case, after a coordinate change we obtain an isomorphism (B,D, g) ∼ = (k[[x, y, z]]/(F ),D, g) withF ,D, g as in Table 6 . Then there exists a finite extension B ⊂ C of complete local rings that is unramified (in the sense of Definition 2.9) with C smooth. More precisely, there exists a sequence B ⊂ C 0 ⊂ C 1 ⊂ · · · ⊂ C n (n ≥ 0) of finite extensions of complete local rings such that • C n is smooth, and all other C i are normal, • Spec C 0 → Spec B is the universal covering, and Table 6 . Etale coveringsB induced by non-principal divisors on B of order l dividing p − 1 and derivations onB with RDP quotients p l BBBDFD g any l A l−1 smooth smooth 0, 1 ζx, ζ −1 y any l A ln−1 A n−1 A np−1 xy − z n x, −y, 0 ζx, ζ −1 y, z any 2 D n/2+2 (n even)
Smooth coverings of RDPs
• Spec C i+1 → Spec C i are purely inseparable of degree p and unramified. We can take all C i (i < n) to be RDPs if and only if (p, Sing(B)) = (2, E 1 8 ). In some (not all) cases the order of theétale and purely inseparable coverings can be reversed, although in this case we cannot always take unramified coverings. Table 7 for the fundamental groups and the universal coverings of RDPs.
Proof of Theorem 4.1. First suppose B is E 1 8 in characteristic 2. Then C 0 = B is not smooth and, by Theorem 1.1, it does not admit any purely inseparable covering of degree p that is at most RDP.
We will give a sequence C 0 ⊂ C 1 ⊂ C 2 of purely inseparable unramified coverings of degree p such that (C 1 is a non-RDP and) C 2 is an RDP of another type. Let C 2 = k[[x, y, z]]/(x 2 + y 2 z + z 3 (y 3 + z 2 x)),
Define D 2 ∈ Der(C 2 ) by D 2 (x, y, z) = (y 2 , z 2 , 0), then C D 2 2 = C 1 by Y = y 2 , w = y 3 + z 2 x. Define D 1 ∈ Der(C ′ 1 ) by D 1 (x ′ , y ′ , z ′ ) = (y ′2 , z ′ , 0), then C ′D 1 1 = B by Y ′ = y ′2 , w ′ = y ′3 + z ′ x ′ . Then Fix(D 1 ) and Fix(D 2 ) consists of the closed point, hence the coverings are unramified. We have an isomorphism φ : C ′ 1 ∼ → C 1 by φ(x ′ , y ′ , z ′ ) = ( w+Y 2 z 2 1+Y z 4 , z, Y +z 2 w 1+Y z 4 ). The any A p e −1 A np e −1 (p ∤ n) C n : cyclic (of order n) = 2
A p e −1 D np e +2 (p ∤ n) Dih n : binary dihedral (of order 4n) = 2, 3 smooth E 6 T : binary tetrahedral (of order 24) = 2, 3 smooth E 7 O: binary octahedral (of order 48) = 2, 3, 5 smooth composite Spec C 2 → Spec C 1 = Spec C ′ 1 → Spec B is unramified, and C 2 is an RDP of type D 1/2 11 . Now suppose B is not E 1 8 in characteristic 2. It is known that the universal covering of an at most RDP is again an at most RDP. Hence we may assume B is simply-connected. By Theorem 1.1 we have the following sequences.
A p e −1 ← A p e−1 −1 ← . . . ← A 0 . For p = 5: E 0 8 ← A 0 . For p = 3: E 0 8 ← A 0 , E 1 8 ← E 0 6 ← A 0 . For p = 2: E 3 8 ← E 2 7 ← D 1/2 5
4k−2 n l ← A 0 if l > 0 and k − l/2 > 1/2, where n is the minimum integer with 4k − 2 n−1 l ≤ 0.
Note that the correspondence (r, N ) = (k − l/2, 4k − l) gives a bijection between the sets {(r, N ) ∈ 1 2 Z × Z | N ≥ 4, 2r − N ∈ Z, 0 ≤ r ≤ (N/2) − 1}
